P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞∃∃△ C≀\{⌉∇⌉\⌋⌉ ≀\ I\{≀∇⇕⊣⊔⟩≀\ S⌋⟩⌉\⌋⌉∫ ⊣\⌈ S†∫⊔⌉⇕∫⇔ P∇⟩\⌋⌉⊔≀\⇔ N⌉⊒ J⌉∇∫⌉†⇔ V≀↕↙ ∞⇔ √√↙ ∈△∘∈∀↙

BURSTINESS DESCRIPTORS OF TRAFFIC STREAMS¬ INDICES OF DISPERSION AND PEAKEDNESS DAVID L↙ JAGERMAN BENJAMIN MELAMED NEC USA⇔ I\⌋↙ C↘C R⌉∫⌉⊣∇⌋⟨ L⊣⌊≀∇⊣⊔≀∇⟩⌉∫ △ I\⌈⌉√⌉\⌈⌉\⌋⌉ W⊣† P∇⟩\⌋⌉⊔≀\⇔ NJ ′∀▽△′

A⌊∫⊔∇⊣⌋⊔ T⟨⌉ ⌊⊓∇∫⊔⟩\⌉∫∫ ≀{ ⊣ ⊔∇⊣{⊘⌋ ∫⊔∇⌉⊣⇕ ⌋⊣\ ⟨⊣⊑⌉ ⊣ √∇≀{≀⊓\⌈ ⌉{↖ {⌉⌋⊔ ≀\ √⌉∇{≀∇⇕⊣\⌋⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ⟩\ ⊔⟨⌉ ∐⊓⌉⊓⌉ ⊔≀ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ∫⊔∇⌉⊣⇕ ⟩∫ ≀{{⌉∇⌉⌈⇔ ∫⊓⌋⟨ ⊣∫ ↕⟩\⌉ ↕⌉\}⊔⟨⇔ ⊒⊣⟩⊔⟩\} ⊔⟩⇕⌉∫ ⊣\⌈ ⌊↕≀⌋‖⟩\} √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫↙ M⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ⌈⌉∫⌋∇⟩√⊔≀∇∫ ∐⊓⊣\⊔⟩↖ {†⟩\} ⌊⊓∇∫⊔⟩\⌉∫∫ ∫⟨≀⊓↕⌈ ⌊⌉ ⊑⌉∇∫⊣⊔⟩↕⌉ ⌉\≀⊓}⟨ ⊔≀ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩‡⌉ ⌊⊓∇∫⊔⟩\⌉∫∫⇔ †⌉⊔ ⊣\⊣↕†⊔⟩⌋⊣↕↕† ⊔∇⊣⌋⊔⊣⌊↕⌉ ⊔≀ √⌉∇⇕⟩⊔ \⊓⇕⌉∇⟩⌋⊣↕ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\↙ T⟨⟩∫ √⊣√⌉∇ ∫⊓∇⊑⌉†∫ ⊔⊒≀ ⟩⇕√≀∇⊔⊣\⊔ ⌈⌉∫⌋∇⟩√↖ ⊔≀∇∫ ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫¬ ⟩\⌈⟩⌋⌉∫ ≀{ ⌈⟩∫√⌉∇∫⟩≀\ ⊣\⌈ √⌉⊣‖⌉⌈\⌉∫∫↙ I⊔ ⌈⟩∫⌋⊓∫∫⌉∫ ⊔⟨⌉⟩∇ ⌉{{⌉⌋⊔ ≀\ ∐⊓⌉⊓⌉⟩\} ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ⊣\⌈ ⟩↕↕⊓∫↖ ⊔∇⊣⊔⌉∫ ⊔⟨⌉⇕ ⊑⟩⊣ ⊣\ ⌉§⊣⇕√↕⌉ {∇≀⇕ ⊔⟨⌉ ⌈≀⇕⊣⟩\ ≀{ TES ⊔∇⊣{⊘⌋ ∫⊔∇⌉⊣⇕∫↙ A ⌋≀\⌋↕⊓∫⟩≀\ ≀{ ⊔⟨⟩∫ ⌉§⊣⇕√↕⌉ ⟩∫ ⊔⟨⊣⊔ √⌉⊣‖⌉⌈\⌉∫∫ ⟩∫ ⇕≀∇⌉ }⌉\⌉∇⊣↕ ⊔⟨⊣\ ⟩\⌈⟩⌋⌉∫ ≀{ ⌈⟩∫√⌉∇∫⟩≀\↙

∞ I\⊔∇≀⌈⊓⌋⊔⟩≀\ T⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫ ≀\ ∐⊓⌉⊓⌉⟩\} ∫†∫⊔⌉⇕∫ ⟨⊣∫ ⌊⌉⌉\ ↕≀\} ∇⌉⌋≀}\⟩‡⌉⌈ ⌊† ⊔⌉↕⌉√⟨≀\⌉ ⊔∇⊣{⊘⌋ ⌉\}⟩\⌉⌉∇∫ ⊣\⌈ ≀⊔⟨⌉∇ ⊒≀∇‖⌉∇∫ ∪△⇔ ∞△⇔ ∞▽⊎↙ I\⊔⊓⟩⊔⟩⊑⌉↕†⇔ ⌊⊓∇∫⊔⟩\⌉∫∫ ⟩∫ √∇⌉∫⌉\⊔ ⟩\ ⊣ ⌈⟩∫⌋∇⌉⊔⌉ ⊔∇⊣{⊘⌋ √∇≀⌋⌉∫∫⇔ ⟩{ ⟩⊔∫ ⊣∇∇⟩⊑⊣↕ √≀⟩\⊔∫ ⊣√√⌉⊣∇ ⊔≀ {≀∇⇕ ⊑⟩∫⊓⊣↕ ⌋↕⊓∫⊔⌉∇∫↙ T⟨⌉ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ⊓\⌈⌉∇√⟩\\⟩\} ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫ ⊣∇⌉ ↕⌉∫∫ ≀⌊⊑⟩≀⊓∫↙ I{ {X_n} ⟩∫ ⊔⟨⌉ ⊔⟩⇕⌉ ∫⌉∇⟩⌉∫ ≀{ ⟩\⊔⌉∇⊣∇∇⟩⊑⊣↕ ⊔⟩⇕⌉∫⇔ ⊔⟨⌉\ ⊔⊒≀ ⇕⊣⟩\ ∫≀⊓∇⌋⌉∫ ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫ ⊣∇⌉ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ ∫⟨⊣√⌉∫ ≀{ ⊔⟨⌉ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⊣\⌈ ⊣⊓⊔≀⌋≀∇↖ ∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ≀{ {X_n}↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⌊⊓∇∫⊔⟩\⌉∫∫ ⊔⌉\⌈∫ ⊔≀ ⟩\⌋∇⌉⊣∫⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ⌋≀⌉{⊘⌋⟩⌉\⊔ ≀{ ⊑⊣∇⟩⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀{ {X_n}⇔ ⊣\⌈ ⊣↕∫≀ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ∫⊔∇≀\} √≀∫⟩⊔⟩⊑⌉ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊔⟨⌉∇⌉⟩\↙ T⟨⌉∇⌉ ∫⌉⌉⇕∫ ⊔≀ ⌊⌉⇔ ⟨≀⊒↖ ⌉⊑⌉∇⇔ \≀ ∫⟩\}↕⌉ ⊒⟩⌈⌉↕†↖⊣⌋⌋⌉√⊔⌉⌈ \≀⊔⟩≀\ ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫ ⟩\ ⊔⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉↙ T⟨⟩∫ √⊣√⌉∇ ∫⊓∇⊑⌉†∫ ⊔⊒≀ ⟩⇕√≀∇⊔⊣\⊔ ⌈⌉∫⌋∇⟩√⊔≀∇∫ ≀{ ⌊⊓∇∫⊔⟩↖ \⌉∫∫¬ ⟩\⌈⟩⌋⌉∫ ≀{ ⌈⟩∫√⌉∇∫⟩≀\ ⊣\⌈ √⌉⊣‖⌉⌈\⌉∫∫∅ ⊔⟨⌉∫⌉ ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⊑⟩⌉⊒⌉⌈ ⊣∫ ⌊∇≀⊣⌈ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩‡⊣⊔⟩≀\∫ ≀{ }⌉\⌉∇⊣↕ ⊔∇⊣{↖ ⊘⌋ √∇≀⌋⌉∫∫⌉∫↙ T⟨⌉⟩∇ ⊣⌈⊑⊣\⊔⊣}⌉∫ ↕⟩⌉ ⟩\ ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ ⌉⊣∫⌉ ≀{ ≀⌊⊔⊣⟩\⟩\} ⊔⟨⌉ ⌈⊣⊔⊣ ∇⌉∐⊓⟩∇⌉⌈ {≀∇ ⊔⟨⌉⟩∇ ⌋⊣↕⌋⊓↕⊣⊔⟩≀\⇔ ⊣\⌈ ⟩\ ⊔⟨⌉ {⊣⌋⟩↕⟩⊔† ≀{ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫↙ M≀∫⊔

⟩⇕√≀∇⊔⊣\⊔↕†⇔ ⊔⟨⌉∫⌉ ⌈⌉∫⌋∇⟩√⊔≀∇∫ ⊣√√⌉⊣∇ ⊔≀ ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ ⌉{{⌉⌋⊔ ≀{ ⊔⟨⌉ ⟩\⊔⊓⟩⊔⟩⊑⌉ \≀⊔⟩≀\ ≀{ ⌊⊓∇∫⊔⟩\⌉∫∫ ≀\ ⟩⇕√≀∇⊔⊣\⊔ √⌉∇{≀∇↖ ⇕⊣\⌋⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ≀{ ∐⊓⌉⊓⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ↕⟩\⌉ ↕⌉\}⊔⟨⇔ ⊒⊣⟩⊔⟩\} ⊔⟩⇕⌉∫ ⊣\⌈ ⌊↕≀⌋‖⟩\} √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ ⟩\ ⊘\⟩⊔⌉↖⌊⊓{{⌉∇ ∐⊓⌉⊓⌉∫↙ T≀ ⟩↕↕⊓∫⊔∇⊣⊔⌉ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕ {≀∇⇕⇔ ⊒⌉ ⌉§⟨⟩⌊⟩⊔ ⊔⟨⌉∫⌉ ⌈⌉↖ ∫⌋∇⟩√⊔≀∇∫ {≀∇ ⊔⟨⌉ ⌋↕⊣∫∫ ≀{ TES^+ processes � a versatile class of stochastic sequences, designed to capture, simultaneously, the marginal distribution and autocorrelation function of empirical data. This example shows that the corresponding busrtiness descriptors are given in terms of ↑rst-order and second-order properties of the interarrivaltime process.

2 The PTC and ISE Traffic Principles

The two burstiness descriptors, indices of dispersion and peakedness, are motivated, respectively, by two traf↑c principles; the Poisson Traf↑c Comparison (PTC) principle, and the In↑nite-Server Effect (ISE) principle. These principles trace their origin to teletraf↑c analysis and design, and will be explained next.

The PTC principle compares a traf↑c-related descriptor (statistic), d X of a target trafαc process {X n}⇔ ⊔≀ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⌈⌉∫⌋∇⟩√⊔≀∇⇔ d_E of a Ψcomparableν Poisson process {E n}⇔ ⊒⟨⌉∇⌉ ⊔⟨⌉ En are iid exponential random variables▷ The descriptor statistic is often related to mo ments of the underlying process▷ The PTC principle adopts the view that Poisson processes constitute a class of trafαc benchmarks, indeed these classic trafαc processes have a long history in teletrafαc theory and practice▷ Further more Ψcomparabilityν usually means that the benchmark Poisson process is chosen to have the same rate as the target trafαc process▷ The mathematical comparison is most often performed by taking the targettobenchmark descriptor ratio▷ In particular under the PTC principle a

Proceedings of the 1994 Conference on Information Sciences and Systems Princeton New Jersey Vol▷ 1 pp▷ 24δ28▷

generic burstiness descriptor b X has the form b_X = d_X d_E . (2.1) Eq. (2.1) has the additional attraction that PTC-based descriptors of any Poisson process trivially evaluate to unity, as beffts a benchmark. The indices of dispersion descriptors of burstiness, treated in Section 3, are motivated by the PTC principle.

The ISE principle adopts the view that to gauge an as- pect of a target trafffc stream, {X_n}⇔ ≀\⌉ ≀{{⌉∇∫ ⊔⟨⊣⊔ ∫⊔∇⌉⊣⇕ ⊔≀ ⊣\ ⟩\⊘\⟩⊔⌉↖∫⌉∇⊑⌉∇ ∫†∫⊔⌉⇕ ⊣\⌈ ≀⌊∫⌉∇⊑⌉∫ ⊔⟨⌉ ∫⊔∇⌉⊣⇕ ⌉{↖ {⌉⌋⊔ ⊑⟩⊣ ⊣ ∫⊓⟩⊔⊣⌊↕⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋⇔ d_X , inαniteserver systems are chosen due to their relative tractability▷ For example to characterize burstiness a suitable description would be the equilibrium moments of waiting times or number of cus tomers in the system▷ The PTC principle is often employed implicitly by using a normalized form of the description in such a way that it evaluates to unity for any Poisson process▷ The ISE principle is also used to construct an ap proximation to a target trafαc stream via a mathematically simpler stream▷ This is attained by equating equilibrium moments of the number of busy servers induced by the two streams▷ An example is the Ψthree moment matchν for creating an interrupted Poisson stream approximation to overβow trafαc ♭13♯▷ The burstiness notion of peakedness treated in Section 4 is subject to the ISE principle▷

3 Indices of Dispersion Consider a stationary nonnegative random sequence {X_n}^∞_{n=0}, interpreted as the interarrival times of a traf↑c

process. Let the common distribution function of the X n be denoted by F X (x); similarly, denote λX = 1/E[Xn] (trafffc rate), σ2_X = V ar[X_n], and c_X = λ_X σ_X ▷ We assume that 0 < σ X < ∞⇔ ⊣\⌈ ⊔⟨⊣⊔ {Xn} ⟩∫ ∫⟩⇕√↕⌉⇔ \⊣⇕⌉↕†⇔ P {X_n = 0} = 0. The coefffcient of variation, c_X can be used to characterize trafαc burstiness albeit rather weakly since it utilizes just αrstorder statistics of {X_n} ⇐⊔⟨≀∫⌉ √⌉∇⊔⊣⟩\⟩\} ⊔≀ F_X (x) only). In contrast, the second-order properties are characterized by the autocorrelation function of {X_n}⇔ }⟩⊑⌉\ ⌊†

ρ_X (j) = E[X_k X_{k+j}] − λ^{−∈}_X σ2_X , n = 0, 1, ▷ ▷ ▷ , (3.1) which measures temporal linear dependence among lagged interarrival times, and will prove to be a key ingredient in the burstiness descriptors to be discussed in the sequel.

The index of dispersion for intervals (IDI) [7], associ- ated with {X_n} ⟩∫ ⊣ ⌊⊓∇∫⊔⟩\⌉∫∫ ⌈⌉∫⌋∇⟩√⊔≀∇ ⌈⌉⊘\⌉⌈ ⌊† J_X (n) = V ar[ ∑_n j=1 X_j ] n λ^{−∈}_X . (3.2)

In order to relate the IDI to the PTC principle, denote v_X (n) = V ar[ ∑_n j=1 X_j ], and note that for a Poisson process with interarrival times, {E_n}⇔ ≀{ ⇕⌉⊣\ ∞/λ_X one has v E (n) = n λ −∈ X ▷ Thus Eq▷ ↼3▷2↽ is the ratio J_X (n) = v_X (n)/v_E (n), in adherence to the PTC principle. A simple computation provides the explicit relation of J_X (n) to c_X and ρ_X namely

J_X (n) = c2_X + 2 n−∞ ∑ j=1 ( − j n ) ρ_X (j) . (3.3)

Let {N (t)} ⌊⌉ ⊔⟨⌉ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⌋≀⊓\⊔⟩\} √∇≀⌋⌉∫∫ ≀{ ⊣∇↖ ∇⟩⊑⊣↕∫ ⟩\ ⊔⟨⌉ ⟩\⊔⌉∇⊑⊣↕ (0, t], so that E[N (t)] = λ_X t▷ A related burstiness descriptor is the index of dispersion for counts ↼IDC↽ ♭7♯ associated with {X_n}⇔ ⊣\⌈ }⟩⊑⌉\ ⌊† I_X (t) = V ar[N (t)] E[N (t)] = V ar[N (t)] λ_X t t ≥ ′, (3.4) That the IDC adheres to the PTC principle follows from the fact that the mean and variance of a Poisson counting process are equal.

Of particular interest are the limiting indices of dispersion, J_X = lim_{n→∞} J_X (n) and I_X = lim_{t→∞} I_X (t). It can be shown that [7]

J_X = I_X = c2_X + 2 ∞∑ j=1 ρ_X (j) . (3.5)

The indices of dipersion, (3.2)ffi(3.5), are more satisfactory descriptors of trafffc variability (burstiness) than the coefffcient of variation, c_X since they take into account the autocorrelation function ρ X (j), as well. In fact, for renewal trafffc, J_X (n) ≡ J_X = I_X = c2_X ▷ Moreover these indices of dispersion may be usefully applied to the study of the effect of an offered load on a server system ♭16 4 7♯▷ In practical queueing studies one uses the indices of dispersion J X (n) and IX (t), and especially the sim- pler common limit J_X = I_X by estimating their values from empirical observations and then αtting a suitable traf αc model such as a Markov modulated Poisson process ↼MMPP↽ which is consistent with the observed index of dispersion ♭7♯▷ Having thus constructed a model a queue ing system is analyzed with this trafαc as the offered load▷ While this approach has led to some useful results the indexofdispersion characterization of trafαc burstiness is still fairly weak from a queueing viewpoint▷ The reason is that indices of dispersion do not consider server systems in their deαnition▷ This situation will be remedied in the next section which will introduce a more powerful trafαc burstiness characterization▷

Proceedings of the 1994 Conference on Information Sciences and Systems Princeton New Jersey Vol▷ 1 pp▷ 24δ28▷

4 The Peakedness Functional Peakedness is a trafαc burstiness descriptor based on the ISE principle▷ It gauges trafαc Ψsmoothnessν via its ef fect on an iid inαniteserver group with common service distribution B(x) (usually the exponential distribution) and mean 1/μ_B ↼μ_B is the service rate▷↽ The statistic of interest is the equilibrium expectation of S(t) � the number of busy servers at time t▷ R▷ Wilkinson ♭17♯ had introduced the peakedness concept in teletrafαc theory in order to characterize the action of superposition of over βow streams when offered to a secondary trunk group▷ The object was to compute the grade of service ↼block ing probability↽ in the context of his Ψequivalent random methodν ♭8♯▷ A simple and more βexible computational method utilizing peakedness for gradeofservice compu tatation was introduced later by W▷S▷ Hayward ↼ibid▷↽ An advantage of peakedness is that it may be used to approx imate various statistics in a singleserver system with or without αnite buffers such as waiting times and blocking probabilities ♭3 8♯▷ Let a = λ_X /μ_B and note that Littleφs Law implies lim t↑∞ E[S(t)] = a▷ The peakedness functional z_X [B], maps the service time distribution, B(x), to the following scalar [17]

z_X [B] = lim_{t↑∞} V ar[S(t)] E[S(t)] = σ2_S a . (4.1) For any service distribution, B(x), deffne B0(x) = B(x/μ_B), so that B0(x) has unit service rate. Deffne further B_μ(x) = B0(μx) to be a family of service time distribution functions, parameterized by μ > 0▷ The peaked ness function associated with this parametric family is z_{X,B} (μ) = z_X [B_μ]. (4.2)

An important formula for z_{X,B} (μ) was obtained by A.E. Eckberg in [3]. Let M_X (t) be the expectation func- tion of the trafffc process, {X_n}⇔ ⊔⟨⊣⊔ ⟩∫⇔ ⊔⟨⌉ ⇕⌉⊣\ \⊓⇕⌊⌉∇ ≀{ ⊣∇∇⟩⊑⊣↕∫ ⟩\ (0, t] when the origin is an arrival point; thus, M_X (t) is the analog of the renewal function in renewal theory. Let B^c(x) designate the complementary service time distribution,that is, B^c(x) = 1−B(x), and let ψ_B(x) denote the correlation function

ψ_B(t) = ∫_∞ ′ B^c(u) B^c(t + u) du, (4.3) of B^c(x). Then one has [3] z_{X,B} (μ) = 1 − λ_X μ + 2μ ∫_∞ ′ ψ_B(t) dM_X (t). (4.4) Furthermore, if the density of the expectation function, m_X (t) = dM_X (t)/dt exists then one may also write z_{X,B} (μ) = 1 − λ_X μ + 2μ ∫_∞ ′ ψ_B(t) m_X (t) dt. (4.5)

An important special case occurs for exponential service time distributions, B(x) = 1 − e^{−μx}▷ The notation z_{X,exp}(μ) and ψ_{exp}(x) will be used for this case. Since ψ_{exp}(y) = 1 2 μ e^{−μy}, (4.6) it follows that z_{X,exp}(μ) = 1 − λ_X μ + ∫_∞ ′ e^{−μt} m_X (t) dt. (4.7) Letting f̈ (s) = ∫_∞ ′ e^{−sx} f(x) dx denote the Laplace transform of a function f(x), one has z_{X,exp}(μ) = 1 − λ_X μ + m̈_X (μ) . (4.8)

Eq. (4.8) has an important consequence. It implies that when m̈(s) does not depend on μ then knowledge of z_{X,exp}(μ) sufffces to determine z_{X,B} (μ) for any service distribution B(x). To see that, observe that from z_{X,exp}(μ), one can determine m̈_X (μ), from which m_X (t) is obtained by inversion. Eq. (4.5) can now be used to obtain z_{X,B} (μ) with the aid of m_X (t).

Practical applications of the peakedness function z_B (μ) to queueing problems are found in [8, 3, 5].

5 The Peakedness and IDI of TES +

Traffic Streams

This section illustrates the peakedness function and IDI for a subclass of a new versatile class of random sequences, called TES (Transform-Expand-Sample); for details see [9, 10]. It also will show that the former contains more information than the latter.

In essence, TES is a modulo-1 reduction of a simple linear autoregressive scheme, followed by additional transformations. Furthermore, while the basic TES formulation is Markovian, these transformations usually result in non- Markovian processes. The TES modeling methodology is a non-parametric approach which ffts a model to empirical records, whose underlying probability law is assumed to be stationary, by simultaneously capturing both ffrst-order (histogram) and second-order (autocorrelation) empirical statistics. TES enjoys a number of key advantages: it can fft arbitrary marginal distributions; it can generate a wide variety of sample path behaviors, which in turn give rise to autocorrelation functions with diverse functional forms; TES sequences are easily generated on a computer, and their autocorrelation functions can be accurately computed numerically at a modest computational cost. The principal modeling activity consists of a heuristic search for a suitable dependence structure under software support;

Proceedings of the 1994 Conference on Information Sciences and Systems, Princeton, New Jersey, Vol. 1, pp. 24ffi28.

see [6] for a description of the visual interactive software environment, TEStool.

Let {V_n}^∞_{n=1} be a sequence of iid (independent identi-

cally distributed) random variables, called the innovation

sequence, and let U 0be uniform on [0, 1) and independent

of the innovation sequence. A background TES^+ process

is de↑ned by a recursive scheme of the form

U^+_n = { U0, n = 0 ⟨U^+_{n−∞}+ V_n⟩, n > 0 (5.1) in which the angular brackets indicate the fractional part operator, namely, ⟨x⟩ = x − ⇕⊣§{⟩\⊔⌉}⌉∇ n . n ≤ x}↙ T⟨⌉ ∫⊓√⌉∇∫⌋∇⟩√⊔ \≀⊔⊣⊔⟩≀\ ⟩\ ⇐▽↙∞⇒ ⟩∫ ⇕≀⊔⟩⊑⊣⊔⌉⌈ ⌊† ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ {U^+_n } ⌋⊣\ }⌉\⌉∇⊣⊔⌉ ↕⊣}↖∞ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⟩\ ⊔⟨⌉ ∇⊣\}⌉ ∪′⇔∞⊎∅ ⊣ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⌋↕⊣∫∫⇔ TES^−⇔ ⊒⟩⊔⟨ \⌉}⊣⊔⟩⊑⌉ ↕⊣}↖∞ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⌈⌉⊘\⌉⌈ ∪∃⊎⇔ ⌊⊓⊔ ⊒⟩↕↕ \≀⊔ ⌊⌉ ⊔∇⌉⊣⊔⌉⌈ ⟨⌉∇⌉↙ {U +n } ⌋⊣\ ⌊⌉ ∫⟨≀⊒\ ⊔≀ ⌊⌉ ⊣ M⊣∇‖≀⊑⟩⊣\ ∫⌉∐⊓⌉\⌋⌉ ⊒⟩⊔⟨ ⊓\⟩{≀∇⇕ [0, 1) marginals, regardless of the innovations selected; however, the common marginal den- sity, f_V of the innovation sequence determines the cor responding temporal dependence and in particular the attendant autocorrelation function▷ A Lebesguemeasurable function D(x), from [0, 1) to the reals is called a distortion. In order to compute its Laplace transform,D̈(s), one extends this deffnition to (1, ∞) by setting D(x) = 0 for x > 1▷ A transformed random sequence {X^+_n }^∞_{n=0}, of the form X^+_n = D(U^+_n ), (5.2)

is called a foreground TES^+ process.

Let f̈V (s) denote the Laplace transform of fV (x), and

let g^+_U (v|u) be the 1-step transition density of {U^+_n }↙ T⟨⌉\ g^+_U has the representation ♭9♯ g^+_U (v|u) = ∞∑ ν=−∞ ♠f_V (i2πν) e^{i2πν(v−u)} (5.3) Furthermore, the autocorrelation function, ρ^+_X (τ ), of {X^+_n } ⟨⊣∫ ⊔⟨⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ∪∃⊎ ρ^+_X (τ ) = 1 (σ^+_X )2 ∞∑ ν=−∞ ν≠0 f̈^τ_V (i2πν) | ♠D(i2πν)|∈, τ ≥ ′. (5.4) In general, {X^+_n } ⇕⊣† ≀∇ ⇕⊣† \≀⊔ ⌊⌉ M⊣∇‖≀⊑⟩⊣\⇔ ⌈⌉↖ √⌉\⌈⟩\} ≀\ D(x), but in this paper, we conffne ourselves to monotone distortions of the form D(x) = F^{−∞}_X (x), (5.5) where F_X (x) is some prescribed distribution function. The inversion method [1] then ensures that the random variables, X^+_n = F^{−∞}_X (U^+_n ), have the common marginal distribution F_X (x).

We now proceed to calculate the peakedness function of TES^+ traf↑c streams, namely, those with an interarrival interval sequence, {X n} = {X+n }⇔ ⊒⟩⊔⟨ ⊣ ⌈⟩∫⊔≀∇⊔⟩≀\ ≀{ ⊔⟨⌉ {≀∇⇕ ⇐▽↙▽⇒∅ ∫⟩\⌋⌉⇔ D = F^{−∞}_X is monotone in this case {X^+_n } ⟩∫ ⊣↕∫≀ M⊣∇‖≀⊑⟩⊣\↙ L⌉⊔ f^+_1 (y|x) be the 1-step tran- sition density of X^+_n given X^+_{n−∞}= x and let m^+_X (t|x) denote the corresponding conditional expectation density given the initial state X^+_0 = x with Laplace transform ⁀m^+_X (s|x). The trafffc rate is denoted by λ^+_X and similarly for other quantities associated with {X +n }↙ T⟨⌉ ⊣⊓§⟩↕⟩⊣∇† √⌉⊣‖⌉⌈\⌉∫∫ {⊓\⌋⊔⟩≀\⇔ z^+_{exp}(μ, x), is de- ffned by z^+_{exp}(μ, x) = 1 − λ_X μ + m̈^+_X (μ|x). (5.6) The auxiliary peakedness function, z^+_{exp}(μ, x), is related to the peakedness functional z^+_{exp}(μ) by the simple relation

z^+_{exp}(μ) = ∫ z^+_{exp}(μ, D(u)) du, (5.7) since conditioning on X^+_0 = D(u) is equivalent to condi- tioning on U^+_0 = u the latter being uniform on [0, 1). It can be shown [11] that z^+_{exp}(μ, D(u)) satisffes the following integral equation z^+_{exp}(μ, D(u)) = 1 − λ^+_X μ + λ^+_X μ ⁀f^+_1 (μ|D(u)) + ∫ z^+_{exp}(μ, D(v)) e^{−μD(v)} g^+_U (v|u) dv. ↼5▷8↽ An investigation of the integral equation ↼5▷8↽ yields the instructive formula z^+_{exp}(0) =

1 + (c^+_X )2 2 + (c^+_X )2 ∞∑ τ=1 ρ^+_X (τ ). (5.9)

For details, consult [11]. It is known [12] that for a renewal interarrival interval sequence, {X_n}⇔ z_{X,exp}(0) = 1 + c2_X 2 . (5.10) Therefore, Eq. (5.9) can be viewed as a generalization of the peakedness function at zero, from the renewal case to the (Markovian) TES^+ case. In fact, if we select the

peakedness value, z X,exp(0), as a descriptor of bursti-

ness, then Eq. (5.9) has an instructive interpretation, as follows. By Eq. (5.10), the ffrst term on the righthand side of (5.9) can be viewed as the burstiness due to the ffrst-order (marginal-related) statistics of {X^+_n }↙ I\ ⊣ ∫⟩⇕↖ ⟩↕⊣∇ ⊑⌉⟩\⇔ ⊔⟨⌉ ∫⌉⌋≀\⌈ ⊔⌉∇⇕ ≀\ ⊔⟨⌉ ∇⟩}⟨⊔⟨⊣\⌈ ∫⟩⌈⌉ ≀{ ⇐▽↙∃⇒ ⌋⊣\ ⌊⌉ ⊑⟩⌉⊒⌉⌈ ⊣∫ ⊔⟨⌉ ⌊⊓∇∫⊔⟩\⌉∫∫ ⌈⊓⌉ ⊔≀ ⊔⟨⌉ ∫⌉⌋≀\⌈↖≀∇⌈⌉∇ ⇐⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\↖∇⌉↕⊣⊔⌉⌈⇒ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ≀{ {X^+_n }↙ ∈

P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞∃∃△ C≀\{⌉∇⌉\⌋⌉ ≀\ I\{≀∇⇕⊣⊔⟩≀\ S⌋⟩⌉\⌋⌉∫ ⊣\⌈ S†∫⊔⌉⇕∫⇔ P∇⟩\⌋⌉⊔≀\⇔ N⌉⊒ J⌉∇∫⌉†⇔ V≀↕↙ ∞⇔ √√↙ ∈△∘∈∀↙

S⌉⊑⌉∇⊣↕ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌋≀\⌋↕⊓∫⟩≀\∫ ⇕⊣† ⌊⌉ ⌈∇⊣⊒\ {∇≀⇕ E∐↙ ⇐▽↙∃⇒↙ O⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ √≀∫⟩⊔⟩⊑⌉ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊔⌉\⌈ ⊔≀ ⌉§⊣⌋⌉∇⌊⊣⊔⌉ ⌊⊓∇∫⊔⟩\⌉∫∫⇔ ⊒⟨⟩↕⌉ ⇕⟩§⌉⌈↖∫⟩}\ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⟨⊣⊑⌉ ⊣ ⇕⟩⊔⟩}⊣⊔⟩\} ⌉{{⌉⌋⊔ ≀\ ⊔⟨⌉ ∫⊣⇕⌉↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ∫⟩}\⟩{↖ ⟩⌋⊣\⊔ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊒⟩↕↕ ⌈≀⇕⟩\⊣⊔⌉ ⊔⟨⌉ ⌊⊓∇∫⊔⟩\⌉∫∫ ≀{ ⊔⟨⌉ ⊔∇⊣{⊘⌋↙ T⟨⟩∫ ↕⊣∫⊔ ≀⌊∫⌉∇⊑⊣⊔⟩≀\ ∫⟨≀⊓↕⌈ ⌊⌉ ⊔⊣‖⌉\ ⊣∫ ⊣ ⌋⊣⊓⊔⟩≀\↖ ⊣∇† ⊔⊣↕⌉⇔ ⟩\ ⊔⟨⊣⊔ ⟩⊔ ⟨⟩}⟨↕⟩}⟨⊔∫ ⊔⟨⌉ ⇕≀⌈⌉↕⟩\} ∇⟩∫‖ ⟩\⟨⌉∇⌉\⊔ ⟩\ ⇕≀⌈⌉↕⟩\} ≀\↕† ⊔∇⊣{⊘⌋ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫⇔ ⊒⟨⟩↕⌉ ⟩}\≀∇⟩\} ∫⟩}\⟩⊘↖ ⌋⊣\⊔ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊔⟨⌉∇⌉⟩\↙ F≀∇ TES^+ traf↑c processes, there is a simple relation be-

tween the peakedness value z +exp(0) and the corresponding IDI, I^+_X ▷ A comparison of ↼5▷9↽ with ↼3▷5↽ reveals that I^+_X = 2 z^+_{exp}(0) − ∞. (5.11)

Thus the IDI provides the same information as the single peakedness value z^+_{exp}(0). Thus, the peakedness function, z^+_{exp}(μ), is a more informative characterization of trafffc than the index of dispersion concept. In particular, for general trafffc {X_n}⇔ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ≀{ z_{X,exp}(μ), μ > 0 carry additional information which determines the effect of the trafαc on a server system, see ♭8 3 5♯ for details▷ To this end one utilizes the following approximate solution of the integral equation ↼5▷8↽ for TES^+ processes, {X^+_n }⇔ z^+_{exp}(μ) ≃ ∞ ∞ −♠f^+_X (μ) − λ^+_X μ + λ^+_X μ[1 − ♠f^+_X (μ)] ∞∑ ν=−∞ ν≠0 f̈_V (i2πν) 1 − ♠f_V (i2πν) |d_ν(μ)|∈, ↼5▷12↽

in which ⁀f^+_X is the Laplace transform of the marginal density of {X +n }⇔ ⊣\⌈ dν(μ) = ∫ e^{−i2πνv−μD(v)} dv▷ We remark that accurate numerical evaluations of z^+_{exp}(μ, D(u)), and subsequently of z^+_{exp}(μ), utilizing the relation (5.7), can be obtained from the integral equation (5.8) by use of ffnite rank kernel approximations. The technique is illustrated in [11].

References

[1] Bratley, P., Fox, B.L. and Schrage, L.E. (1987) A Guide to Simulation, Springer-Verlag.

[2] Cox, D.R. and Lewis, P.A.W. (1968) The Statistical Analysis of Series of Events, Methuen, London.

[3] Eckberg, A. (1985) ΨApproximations for Bursty (and Smoothed) Arrival Delays based on Generalized Peakedness,˚ Proceedings of the 11-th International Teletrafffc Congress, Kyoto, Japan.

[4] Fendick, K.W., Saksena, V.R. and Whitt, W. (1989) ΨDependence in Packet Queues˚, IEEE Trans. on Comm., Vol. 37, 1173ffi1183.

[5] Fredericks, A.A. (1980) ΨCongestion in Blocking Systems ffi A Simple Approximation Technique,˚ Bell System Technical Journal, Vol. 59, No. 6, 805ffi 827.

[6] Geist, D. and Melamed, B. (1992) ΨTEStool: An Environment for Visual Interactive Modeling of Autocorrelated Trafffc˚, Proceedings of the 1992 International Conference on Communications (Chicago, Illinois). Vol. 3: 1285ffi1289.

[7] Gusella, R. (1991) ΨCharacterizing the Variability of Arrival Processes With Indexes of Dispersion˚, IEEE J. on Selected Areas in Communications, Vol. 9, No. 2, 203ffi211.

[8] Jagerman, D.L. (1984) ΨMethods in Trafffc Calculations˚, Bell System Technical Journal, Vol. 63, No. 7, 1283ffi1310.

[9] Jagerman, D.L. and Melamed, B. (1992a) ΨThe Transition and Autocorrelation Structure of TES Processes Part I: General Theory,˚ Stochastic Models, Vol. 8, No. 2, 193ffi219.

[10] Jagerman, D.L. and Melamed, B. (1992b) ΨThe Transition and Autocorrelation Structure of TES Processes Part II: Special Cases,˚ Stochastic Models, Vol. 8, No. 3, 499ffi527.

[11] Jagerman, D.L. and Melamed, B. (1993) ΨOn Markovian Trafffc with Applications to TES Processes,˚ Preprint, NEC USA, Inc., Princeton, New Jersey.

[12] Karlin, S. and Taylor, H.M. (1975) A First Course in Stochastic Processes, 2nd edition, Academic Press.

[13] Kuzura, A. (1973) ΨThe Interrupted Poisson Process as an Overfiow Process,˚ Bell System Technical Journal, Vol. 52, No. 3, 437ffi448.

[14] M. Livny, B. Melamed and A.K. Tsiolis (1993) ΨThe Impact of Autocorrelation on Queuing Systems˚, Management Science, Vol. 39, No. 3, 322ffi339.

[15] Patuwo, B. E., Disney, R. L. and McNickle, D.

C. (1993) ΨThe Effect of Correlated Arrivals on Queues˚, IIE Transactions,Vol. 25, No. 3, 105ffi110.

[16] Sriram, K. and Whitt, W. (1986) ΨCharacterizing Superposition Arrival Processes in Packet Multiplexers for Voice and Data˚, IEEE J. on Selected Areas in Communications 4(6), 833ffi846.

[17] Wilkinson, R. (1956) ΨTheories of Toll Trafffc Engineering in the U.S.A.,˚ Bell System Technical Journal, Vol. 35, No. 2.